PRIMITIVE CENTRAL IDEMPOTENTS 
OF THE GROUP ALGEBRA 



ROBIN ENDELMAN AND MANASH MUKHERJEE 



ABSTRACT. An approach to representations of finite groups is presented with- 
out recourse to character theory. Considering the group algebra C[G] as an al- 
gebra of linear maps on C[G] (by left multiplication), we derive the primitive 
central idempotents as a simultaneous eigenbasis of the centre, Z(C[G]). We ap- 
ply this framework to obtain the irreducible representations of a class of finite 
meta-abelian groups. In particular, we give a general construction of the iso- 
morphism between simple blocks of C[G] and the corresponding matrix algebra 
where G can be any finite group. 
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1. Introduction 

In this paper, we present an approach to determining the decomposition of the 
group algebra, C [G] , of a finite group G, over the field of complex numbers, C. We 
work solely within the group algebra without recourse to the character theory of G, 
obtaining the irreducible representations of G. 
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There are, of course, many ways of approaching the representations of finite 
groups [1, 2, 3, 4], however, our starting point is the centre of the group algebra. 
The very concept of primitive central idempotents (along with their properties) 
arises naturally as a consequence of the diagonalizability of Z(C[G]). 

We consider the group algebra acting on itself by left multiplication (that is, 
considering the regular representation of the algebra <C[G]), 

C[G] x C[G] -» C[G] : (x,y) i-> xy 

and derive the primitive central idempotents of the group algebra as a simultaneous 
eigenbasis of its centre, Z(C[G]) (Theorem 2.3, Section 2). An immediate conse- 
quence, among others, of this framework is that the two-sided ideal generated by a 
primitive central idempotent has a one-dimensional centre. 

Our point of view is illustrated first for abelian groups in Section 3. In Section 
4, we apply this framework to a large class of nonabelian groups, namely (meta- 
abelian) semi-direct products, G = N >iH where both N and H are abelian. For this 
class of groups, we provide a general formula for the primitive central idempotents 
of C[G] (Section 4.2). To obtain the isomorphism between each simple block of 
C[G] and the corresponding matrix algebra, we give a general construction that 
is applicable for all finite non-abelian groups (Proposition 4.6). Furthermore, a 
formula is given for counting the number of conjugacy classes in N x H (Corollary 
4.5), which also holds when H is nonabelian (Remark 7). 

Throughout this paper G denotes a finite group. 

1.1. Acknowledgements. We would like to thank Stephanie van Willigenburg 
(Department of Mathematics, University of British Columbia, Canada) for her 
comments and careful reading of the manuscript. R.E. is grateful to the Faculty 
of Research and Graduate Studies (UCFV) for continued support. 

2. Primitive central idempotents of C[G] 

In this section, we obtain the primitive central idempotents of the group algebra 
as a simultaneous eigenbasis for the centre. 

Definition 2.1. (i) An element u in an algebra A is idempotent if u 2 = u. Two 
idempotents u\ and 112 are orthogonal if 

U1U2 = U2U\ = 0. 

(ii) An idempotent u is called primitive if u cannot be written as a sum, u = 
u\+U2, where u\ and U2 are orthogonal idempotents. 

(iii) / is called a primitive central idempotent if / belongs to the centre of A, J 
is idempotent, and / cannot be written as a sum, 

J = h+h, 

where I\ and I2 are orthogonal central idempotents. 

We first show that the centre, Z(C[G]), consists of diagonalizable elements, and 
then obtain the primitive central idempotents of C[G] as the simultaneous eigenba- 
sis of the centre. 
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Notation: For x € C[G], x will denote the complex conjugate of x, and x* the con- 
jugate transpose of x, where x is considered as a linear operator on C[G] by left 
multiplication. 

Proposition 2.2. Every element of Z(C[G]) is diagonalizable (operating by left 
multiplication on Z(C[G])j. 

Proof. As an operator on C[G] by left multiplication, each group element g is a 
permutation matrix, and therefore g^ = g~ l . Thus, for any x = Y*geG c g§ £ C[G], 
x^ =LgeG^g<? 1 £ C[G]. If z GZ(C[G]), zz t = ztz, and consequently, zis diagonal- 
izable on C[G}. Now the proposition follows from the fact that the centre, Z(C[G]), 
is an invariant subspace for z. □ 

Remark 1. If z € Z(C[G]), then z 1 " G Z(C[G]). In particular, the standard basis 
elements, £2 g = Y,xeK x > °f Z(C[G]), satisfy = [Here, 7^, denotes the 

conjugacy class of g.] 

By Proposition 2.2, any basis of Z(C[G]) is a commuting set of diagonalizable 
linear operators on Z(C[G]) (acting by left multiplication), and hence, there is a 
simultaneous eigenbasis of Z(C[G]). 

Theorem 2.3. There is a unique simultaneous eigenbasis, {J p : 1 < p < k}, of 
Z(C[G]) such that: 

(i) J 2 P =Jp 

(ii) J p J q = 0for p^q, 

(iii) the group identity, e = £ p J p , and 

(iv) J p is a primitive central idempotent. 

Proof, (i) and (ii): Let {J p : 1 < p < k} be a simultaneous eigenbasis of Z(C[G]). 
For any p,q, viewing J q as an eigenvector of J p , and J p as an eigenvector of J q , we 
have 

JpJq — ^Jq 
JqJ p — l^J p 

for some X,n G C. Since J p and J q commute, XJ q = /jf p . Hence, by linear inde- 
pendence of J p and J q , we have X = p. = for p ^ q, and for p = q, J p = XJ p . 
Now, each J p is scaled to obtain the unique eigenvector J p satisfying Jp = J p , and 

JpJq = 0. 

(iii) Set e = Y* q c qJq- Then, for each p, J p = eJ p = c p J p , and hence, c p = 1 for all 
P- 

(iv) If J p decomposes as a sum, J p = I\ +h, of two mutually orthogonal central 
idempotents l\ and Ij, then, {h,h} U {J q \q ^ p} would be k + 1 linearly indepen- 
dent central elements, exceeding the dimension of Z(C[G]). □ 
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Remark 2. Since J p is central, A p = (C[G])J P is a two-sided ideal of C[G]. By 
Theorem 2.3, it follows that the group algebra C[G] is a direct sum of the two- 
sided ideals {A p }, 

k 

C[G] = 0V 

Remark 3. For each p, J p spans the 1-dimensional centre of A p : if a € Z(A p ), 
then a € Z(C[G]), and hence, a = aJ p = XJ p , where the first equality follows from 
a € A p and the second equality follows since J p is an eigenvector of a € Z(C[G]). 

Remark 4. It follows from Remark 3 that A p cannot be decomposed as a direct sum 
of two-sided ideals. 

It is well known that the blocks A p are simple, and therefore isomorphic to 
matrix algebras ([4], for example). 

3. Abelian GROUPS 

We give several illustrations of our point of view in Theorem 2.3, that the prim- 
itive central idempotents are a simultaneous eigenbasis of Z(C[G]). 

3.1. Irreducible representations. We begin with the well-known result: A finite 
group G is abelian if and only if C[G] C* 

Proof. If G is abelian, then C[G] is a commutative algebra. Let {J p } be the simulta- 
neous eigenbasis of C[G], as in Theorem 2.3. Then, for every g £ G, gJ p = X p (g)J p 
where X p (g) G C. Hence, C[G] = ® P=l CJ p = C k . The converse is trivial. □ 

Remark 5. The ideals CJ P provide the one-dimensional (irreducible) representa- 
tions of G. Since G is finite, = 1 for all g € G. (The functions X p are the 
characters of G.) 

3.2. Cyclic groups. We illustrate the simultaneous eigenbasis for a cyclic group 
G = Ijk = {e, r, r 2 , r }, with generator r of order k. 

Proposition 3.1. Let G = (r) be a cyclic group of order k with generator r, and 
CO = exp(/27t/&). For 1 < p < k, orthogonal idempotents 

J P = lt a ~ mPr/ " 

K m=l 

form the simultaneous eigenbasis ofC[G]. 

Proof. As the minimal polynomial of r is — 1, the distinct eigenvalues of r are 
X = co p , 1 < p < k, where CO = exp(/27t/&). Let v = J^ n=l amr™ be an eigenvector 
of r corresponding to eigenvalue X. Then rv = Xv implies 

ctyt = Xa\ = X^a2 = • • ■ = X k 'ct/t-i • 
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Taking = 1 , the eigenvectors of r with eigenvalue X = 0) p are multiples of v p 
£m=l ®~ mp r m . Now, 



VnV, 



m=l 



^i 00 Vq \ kv q q = p 

m=l i r 

Thus the desired (orthogonal) idempotents are 7 p = ^v^. □ 

3.3. Arbitrary finite abelian groups. For the group algebra of an arbitrary finite 
abelian group, the simultaneous eigenbasis of Theorem 2.3 is obtained by Propo- 
sition 3.1 above, together with the following result: 

Proposition 3.2. For any finite groups, Gu 

C[Gi xG 2 x---xG„] ~C[Gi]<g>C[G 2 ]fg>---ig>C[G„] 

Proof. The isomorphism is given by defining 

<Kgl,g2,-,gn) =81 ®82®---®8n, 
and extending linearly. □ 

For an arbitrary finite abelian group G = Z„, x • • • x Z„ t , where Z„. is the cyclic 
group of order nu the idempotent eigenbasis for each C[Z„.] is given by Proposition 

3.1. Let Jp ,l<p<ni denote these idempotents for each Z nj . Then the idempotent 
eigenbasis of C[G] is given by 

r(l) r(2) j(k) 
J Pl J P2 " ' J Pk 

where 1 < pi < tij for each i. 

Remark 6. For G abelian, the primitive central idempotents of C[G] are primitive 
idempotents. When G is nonabelian, Z(C[G]) is a proper subalgebra of C[G]. In 
this case, each primitive central idempotent decomposes as a sum of orthogonal 
primitive idempotents, 

J p = u\ + u p 2 H h 

[See the Appendix (Section 5) for characterizations of primitive idempotents.] 

In the following section, we apply the results of Sections 2 and 3 to a large and 
important class of nonabelian groups — the semi-direct product of two abelian 
groups. We construct the irreducible representations without recourse to character 
theory or induced representations. 
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4. M ETA -AB ELIAN SEMI-DIRECT PRODUCTS 

We consider a semi-direct product G = N x H, where N and H are finite abelian 
groups. We construct the primitive idempo tents of C[G] in terms of the primitive 
(central) idempotents of ,/V and those of H. Consequently, we obtain each primitive 
central idempotent of C[G] as a sum of primitive idempotents. This leads to the 
explicit isomorphism of C[G] with the direct sum of matrix algebras. 

Let Pjy = {v a : 1 < a < \N\} be the orthogonal idempotent basis (of Theorem 
2.3) for C[N]. As ,/V is abelian, these idempotents are obtained by Propositions 3.1 
and 3.2. Furthermore, conjugation by H is an algebra isomorphism on C[N], and 
hence, by the uniqueness of the idempotent eigenbasis, P^ is an //-set. 

4.1. Primitive idempotents of C[G], Let O a = {v\,vz, ...,v Ca } be an orbit in P^. 
We set {u p : 1 < p < \H a \} to be the idempotent eigenbasis of C[H a ], where H a 
denotes the common stabilizer of any v,- G O a . 

Proposition 4.1. For each v,- G O a , 1 < i < \ O a \, and each u p € C[H a ], 1 < p < 
\H a \, the elements ViU p are primitive idempotents in C[G]. 

Proof. As Vi and u p commute, (viU p ) 2 = ViU p . For primitivity, we use the fact 
(see Appendix, Fact 5.1) that an idempotent u € C[G] is primitive if and only if 
u(C[G])u = Cu. For nh G G, 

ViU p (nh)vjU p = X(viU p h v,Mp), for some X € C, 

since v,- is a simultaneous eigenvector of C[N]. If h ^ H a , hvihT 1 = vj for some j ^ i 
and the right hand side of the above expression vanishes. For h G H a , hu p = <5u p 
for some a G C and hence, 

ViUp(nh)viU p = Xo(viU p ). 

□ 

Proposition 4.2. For vi,V2 G O a , and 1 < p,q < \H a \, the primitive idempotents 
v\u p and ViU q are equivalent if and only if p = q. 

Proof. For V\,V2 G O a , there is an h G H such that vi = hv2h~ l . It follows that 
h{v\u p )h~ l = V2U p , and hence v\u p and V2U p are equivalent (see Appendix, Fact 
5.3). 

If v\u p and V2U q are equivalent, then (see Appendix, Fact 5.2) there is an element 
nh G G so that v\u p {nh)v2U q ^ 0. The left hand side is equal to Xv\u p u q hv2, and is 
nonzero only when p = q. □ 

4.2. Primitive central idempotents of C[G]. For each O a , we sum the equivalent 
primitive idempotents of Proposition 4.2 in order to construct the primitive central 
idempotent basis for Z(C[G]). Given an orbit O a , we define 

r i |0a| 

J P = L, v i u P 
i=l 

for each u p G C[H a ], 1 < p < \H a \. 
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Lemma 4.3. The elements {J p } are orthogonal central idempotents of C[G]. Fur- 
thermore, ^ J p a ^ = e. 
a.p 

[a] 

Proof, (a) J p are idempotents: For V[,V2 G a , the idempotents v\u p and V2U p are 
[a] 

orthogonal. Thus J p is a sum of orthogonal idempotents, and hence is idempotent. 

(b) Jp are central: We write J p a ^ = S a u p , where S a = v i- Then, for any 

h G H, hS a h~ l = S a , and hence hJp^h^ 1 = J p a \ For n £ N and v,- G O a , rcv,- = X;v, 
where A,; G C x (and = 1). Thus, nS a = E/^v, commutes with w /:) , so that 

nJ p a] n- x =Jp a \ 
[a] 

(c) Jp are orthogonal: For a ^ p\ SaSp = by orthogonality of the primitive 

idempotents of C[N], and hence, J [ p a] jf = 0. For a = p and p / 9 , /J™ 1 /'™ 1 = 0, by 

orthogonality of the primitive idempotents of C[H a ]. 

[a] [a] 

(d) For each a, £ p u p = e, where we denote by u p the primitive idempotents 

of C[H a ]. Thus, 

^ = ^SaUp ' = 
a,p a.p a 

= E V = e - 

□ 

[al 

Theorem 4.4. 77je elements {J p } are f/je primitive central idempotents ofC[G]. 

[al 

Proof. The primitive summands, v,w p , of Jp are equivalent, and hence, by Fact 
5.4, they lie in the same block A = (C[G])7 of C[G] (where J is a primitive central 
idempotent of C[G}). Thus, J l p a] G APiZ(C[G]) = CJ. It follows that J [ p a] = J. By 
Lemma 4.3(d) above, these are all the primitive central idempotents. □ 

Corollary 4.5. Let G = N x H, where N and H are abelian. With the stability 
subgroups, H a , defined in Section 4. 1, 

dim(Z(C[G]))=£|tf a | 
a 

where the sum is taken over a corresponding to distinct orbits O a . Hence, the 
number of conjugacy classes of G is equal to the sum of the number of conjugacy 
classes of the stability subgroups. 

[al 

Proof. By Theorem 4.4, {J p } forms a basis for Z(C[G]). For each a correspond- 

[a] [al 
ing to an orbit O a , the number of J p (which is equal to the number of u p ), is \H a \. 

Hence, dim(Z(C[G])) = £ a \H a \, where (H a being abelian) \H a \ is the number of 

conjugacy classes of H a . □ 

4.3. Irreducible representations of C[G]. Let A = (C[G])J be a simple block 
generated by a primitive central idempotent, J = Y!!L\ u h where the primitive idem- 
potents Ui determine the decomposition of A into isomorphic minimal left ideals (as 
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in the Appendix, Section 5), A = 0"Li^ M y- Each ideal Auj is of dimension m, and 
is a sum of one-dimensional vector spaces, Auj = ®^L x UiAuj. A basis element 
e,j G UjAuj is determined by an element a G A for which M ; aw; / 0. The idempo- 
tents ui and uj being equivalent, we can find an invertible element x G A satisfying 
xujx = ii,'. Then w,jc«j = xuj ^ 0. 

Proposition 4.6. Let A = (C[G])/ where J = u i i s a primitive central idem- 
potent of C [G] and U[ are orthogonal primitive idempotents. For each 1 < i < m, 
let Xj £Abe such that X[U\x^ x = w,- and 

eij = Ui(xixj l )uj. 

Then, eu defines an isomorphism of A with M„,(C). 

Proof. 

= e ik 

For j 7^ k, UjUk = and hence, e^eu = 0. Mapping e\j to the standard basis 
elements Eij of the matrix algebra M m (C), defines an isomorphism of A with 

M m (C). □ 

By this construction, we obtain the irreducible representation for each simple 
summand of C[G]. 

We now apply Proposition 4.6 to the meta-abelian semi-direct product, G = 

[a] 

N ysH. For fixed a and p, let us consider a simple block, A = (C[G])J P , generated 

by a primitive central idempotent J p a ^ = V{U p , and set w\ = Vjii p . Each ideal 
Awj is of dimension c a = \o a \ = [H : H a ] , and is a sum of one-dimensional vector 
spaces, Aw j = ©^vv/Awy. 

To define a basis element, e\j G WiAwj, it is sufficient to consider a = nh£G, and 
furthermore, since V; (and hence w,) are simultaneous eigenvectors of N, it suffices 
to consider elements a G H. 

Now, we choose an element hi from each coset of H a in H, set v,- = hiv\hj^ (and 
hence Wj = hiWihJ 1 ), and by Proposition 4.6, define 

ejj = Wihihj l Wj G w t Awj. 

Then, e^ey = 0, j ^ k and e^e^ = e%. With these eij, we have the required iso- 
morphism of A with the matrix algebra M Ca (C). 

4.4. Example. Let G = A 4 = N x H with N = Z 2 x Z 2 = (x) x (y) = {e,x,y,z}, 
where z = xy = yx, x 2 = y 2 = e, and H = Z3 = (t), where t 3 = e. The action of H 
on N is defined by 

txt~ l = z , tyt^ 1 = x , tzt~ l = y. 
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4.4.1. The decomposition o/CJ/U]. The primitive central idempotents of C[N] are 
obtained by Propositions 3.1 and 3.2: 

v = [{e+x)/2][(e+y)/2] = (e+x+y + z)/4 

Vi = [(e + x)/2)[(e-y)/2] = (e + x-y-z)/4- 

v 2 = [( e -x)/2}[(e + y)/2]=(e-x + y-z)/4 

v 3 = [(e-x)/2][(e-y)/2] = (e-x-y + z)/4 

The action of H on = {vo,vi,V2,V3} determines two orbits, 

Oo = {Vo} , 0\ = {V1,V2,V 3 } 

with corresponding stability subgroups 

H Q = H = {e,t,t 2 } , H l = {e}. 
The primitive central idempotents of Ho are also given by Proposition 3.1: 

uq = ^(e + t + t 2 ) , ui = ^(e + (0 2 t + GM 2 ) , u 2 = -(e + (Ot + (0 2 t 2 ). 

By Theorem 4.4, the primitive central idempotents of CfAi], as sums of primitive 
idempotents are: 

h = v u a , for a = 0,1,2, 
h = V1+V2 + V3. 

We see that (C[G])J , (C[G])/i, and (C[G])J 2 are of dimension 1, (C[G])J 3 is of 
dimension \0\\ 2 = 3 2 , and 

c[a 4 ] ~c©ceceM 3 (c). 

4.4.2. A basis for (C[G])Jj. In 73, = v,e = v,-. The action of // on P# is given 
by 

t 2 V\t~ 2 = V2 , tV\t~ l = V3 

and the coset representatives for #1 are h\ = e, h 2 = t 2 , and = t. Thus, as in 
Section 4.3, e\j = WihjhJ l Wj gives the column spaces Avy. 



and 
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Thus, 

xJs = vi -V2-V3 =en -<?22-<?33 
yj 3 = -V1+V2-V3 = -en + e 2 2-e33 

f/3 = fVi +?V 2 +fV 3 =£31 +ei2 + <?23 

determine the three dimensional irreducible representation of A4. 

Remark 7. If G = N x H where H is nonabelian (keeping N abelian), construction 
of the primitive central idempotents proceeds in a similar way as the meta-abelian 
case. In particular, Corollary 4.5 also holds in this case: 

dim(Z(C[G]))=£dim(Z(C[// a ])), 
a 

where H a represents the isomorphism class of the stability subgroups for the orbit 

5. Appendix: Primitive idempotents 

An idempotent u of an associative algebra A is called primitive if u cannot be 
written as a sum, u = u\+ 112, where u\ = u\,u\ = U2, and u\U2 = U2U\ = 0. 

We list several properties of primitive idempotents [5] in a complex semisimple 
algebra, A = ©,-A,-, where A,- are the simple summands. 

Remark 8. By standard arguments (among the simplest, see [4]), the simple com- 
ponents A,- are isomorphic to matrix algebras, M n; (C). 

Fact 5.1. An idempotent u is primitive if and only if Au is a minimal left ideal; 
equivalently, uAu = Cu. Hence, a primitive idempotent u G A belongs to a simple 
block A(. Ifu€ At, then Au = AjU. 

Fact 5.2. Minimal left ideals Au\ and AU2 are isomorphic if and only ifu\XU2 7^ 
for some x £ A. 

Fact 5.3. Minimal left ideals Au\ andAii2 are isomorphic if and only if there exists 
an invertible element i£A such that xu\x~ x = U2- 

From the above Facts it follows that 

Fact 5.4. Given two primitive idempotents u\ and U2, Au\ andAu2 are isomorphic 
left ideals if and only ifu\ and U2 belong to the same simple summand, A,-, of A. 

In this case, we call u\ and U2 equivalent primitive idempotents. 

We fix i and set n = and B = A,-. Let eij be the elements of B that correspond 
to Eij - the standard basis elements of M„(C) with 1 in the (/, j) position and 
elsewhere. If J is the identity element of B, then the primitive idempotents w, = e„ 
are characterized by 

• J = u\-\ h u n 

• UJ = Uj 

• UiUj = for i 7^ j 
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Furthermore, the vector spaces UjBiij are all one-dimensional: they are equal to 
Ceij for i ^ j, and to Cm; when i = j. It follows that B decomposes as a direct sum 
of isomorphic minimal left ideals 

B = ©But 

where the dimension of each left ideal Bu\ is n. 
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